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Abstract 

We begin this note with a von Neumann algebraic version 
of the elementary but extremely useful fact about being able 
to extend inner-product preserving maps from a total set of 
the domain Hilbert space to an isometry defined on the entire 
domain. This leads us to the notion of when a 'good' endomor- 
phism of a factorial probability space (M, <j)) admits a natural 
extension to an endomorphism of L 2 (M, </>). We exhibit exam- 
ples of such extendable endomorphisms. 

We then pass to ^-semigroups a = {a t : t > 0} of fac- 
tors, and observe that extendability of this semigroup (i.e., ex- 
tendability of each at) is a cocycle-conjugacy invariant of the 
semigroup. We identify a necessary condition for extendability 
of such an _Eo-semigroup, which we then use to show that the 
Clifford flow on the hyperfinite 11\ factor is not extendable. 
As a consequence of this we point out an error in [ABS 



1 Some conventions 

For any index set /, we write I* = U^Lo ^™ wnere 1° = 0, and 

i V j = ■■■ ,i m ) V (Ji, ■ ■ ■ ,j n ) = (n, • • • ,i m ,ji, ■ ■ ■ Jn) whenever 
i = (ii,--- ,i m ),j = C? i , • • • ,j n ) € I*. 

By a von Neumann probability space, we shall mean a pair (M, <fi) 
consisting of a von Neumann algebra and a normal state. For such 
an (M, (f>), and an x G M, we shall write x = \m{x)1m and 1m for 
the cyclic vector for Xm(M) in L 2 (M, eft). 

By the (central) support of (j>, we shall mean the central projec- 
tion z(=: Zfi) such that feer(AAf) = M(l — z). Clearly = 1m if M 
is a factor. 

Finally, if {xi : i G 1} C M, and i = ■ ■ ■ ,i n ) G I n , we shall 
write X{ = x h Xi 2 ■ ■ ■ X{ n . 
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2 An existence result 

Proposition 2.1. Let (Mi,(j>i),i = 1,2 &e fon Neumann probability 
spaces with zi = . Suppose = {x\^ : i £ 1} is a set of self- 
adjoint elements which generates Mj as a von Neumann algebra, for 
j = 1,2. (Note the crucial assumption that both the are indexed 
by the same set.) Suppose 

Then there exists a unique isomorphism 6 : M\z\ — > M 2 Z2 such 
that (f> 2 o 0\m iZi = 4>i\m iZi and 0{xf\\) = xf^z 2 Vi G /. 

Proof. The hypothesis implies that, for j = 1, 2, the set {xj^ : i G /*} 
linearly spans a *-subalgebra which is necessarily cr-weakly dense in 

Mj. Since (x^^x^) = {x^\x^} Vi,j G /*, there exists a unique 



unitary operator u : L 2 (Mi,0i) — > L 2 (M2,4>2) such that uxj ' = 

xj 2) Vi G /* . 

Now observe that 

u\ Ml {xf ] )u*xf ] = uXm^x^^x^ 

To 
_ 3) 

- x i V j 

= a M2 (4 2) )4 2) ; 

and hence that uXm 1 (x^)u* = Xm 2 ( x \ 2 ' 1 ) Vi G /. 

On the other hand, {a; G Mi : mAmi(x)u* G Am 2 (M2)} is clearly a 
von Neumann subalgebra of M\ ; since this has been shown to contain 
each xj 1 '* , we may deduce that this must be all of M\ . Now notice that 
L 2 {Mj,(\>j) = ^(MjZj^jlMjZj), that X Mj (x) = X MjZj {xzj) Vx G Mj, 
and that Xm-z- maps MjZj isomorphically onto its image. 

The proof is completed by defining 

9{x) = X^ 2Z2 (u\ Ml (x)u*) Vx G M x z\. 

□ 

Remark 2.2. 1. In the proposition, even if it is the case that 
N := {xf^ : i G /}" C M2, we can still apply the result to 
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(N,4>2\n) in place of (M2,4>2) and deduce the existence of a 
normal homomorphism of Mi into M2 which sends x- 1 ^ to x?'z 
for each i (and 1m 1 to the projection z = z^ 2 \ N G N). 

2. In the special case that the N of the last paragraph is a factor, 
the z there is nothing but idM 2 and in particular, Proposition 
\2.1\ can be strengthened as follows: 

Let (Mj, 4>j),j = 1, 2 be von Neumann probability spaces. Sup- 
pose 

S (j) = | x p) . { e jj c M . 

is a set of self-adjoint elements 
such that = Mi and S^" is a factor N C M 2 . Suppose 

m4 1) ) = M^ ) ) vier . (2.2) 

Then there exists a unique normal *-homomorphism 6 : M\ — > 
N C M 2 such that dixf*) = xf ] for all i G /. 

Corollary 2.3. 1. If Oi is a (pi-preserving unital endomorphism 
of a von Neumann probability space (Mj,0j), for i £ A, then 
there exists: 

(a) an endomorphism (g>ieA#i of the tensor product (<8)j e AMj, (8>ieA0i) 
such that (®ieAQi)(®ieAXi) = ^(®ieA^i(»i)) Vxj = x* G 

Mj, - and 

(b) an endomorphism of the free product (*i e \Mi, *ieA^i) 
such that (*ieA#i)(A(xj)) = z\(9j(xj)) \/xj G Mj where 
we simplly write A for each left- creation representation' 
X:Mj^ £(* ieA L 2 (M h &)) /or e^ery j G I. 

In the above existence assertions, the symbol z represents an 
appropriate projection ( = image of the identity of the domain 
of the endomorphism in question). 

2. If each Mi above is a factor, then ( the z in the above statement 
can be ignored, as it is the identity of the appropriate algebra) 
and all endomorphisms above are unital monomorphisms. 

Proof. It is not hard to see that Remark l2.2f 1) is applicable to = 
{<g)jXi : Xi = x* G Mi,Xi = Ijiii for all but finitely many i} and 
= {®i6i{xi) : Xi = x* G Mi,Xi = ljvfj for all but finitely many i} 
(resp., = {X(xi) : i G A, Xi = x* G Mi,(j>i(xi) = 0} and 

5( 2 ) = {\{9i{xi)) : i G A, x> = a? G M u fcfo) = 0}. 

The second fact follows from Remark 12.2( 2) because normal en- 
domorphisms of factors are unital isomorphisms onto their images, 
and the tensor (resp., free) product of factors is a factor. □ 
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For later reference, the next lemma identifies what we called the 
'central support of a normal state <j) on a von Neumann algebra' 
in one simple special case (of a 'vector-state'). 

Lemma 2.4. Suppose N C C(H) is a von Neumann algebra, £ € T~L is 
a unit vector, and <f> is the vector state defined on N by (j)(x) = £) . 
I/T^o = a candidate for 'the GNS triple for (N, (ft) ' is given 

by (Ho, id-N \ho, 0- ^ n particular, the central support of (ft is given by 
the projection z = A{p G N : ran p D 'Ho}- 

Proof. It is clear that £ is a cyclic vector for iV|-^ and the assertion 
regarding GNS triples follows. Hence if z G V(Z(N)) is such that 
7V(1 - z) = ker id N \n , then z = A{p G ^(A^) : p\n = (1jv)|« }, 
i.e., z = A{pG P(iV) : ran p D H }- □ 

3 Extendable endomorphisms 

For the remainder of this paper, we make the standing assumption 
that ^ is a faithful normal state on a factor M. We identify x G M 
with Xm(x), and simply write J for the modular conjugation operator 
(J<f,). Recall, thanks to the Tomita-Takesaki theorem that j = J(-)J 
is a ""-preserving conjugate- linear isomorphism of C(L 2 (M,(j))) onto 
itself, which maps M and M' onto one another, and that 1 m is also 
a cyclic and separating vector for M'. We shall assume that 9 is a 
normal unital *-endomorphism which preserves <j). The invariance 
assumption <p o 6 = 4> implies that there exists a unique isometry 
uq on L 2 {M,4>) such that uqxIm = 6{x)Im and equivalently, that 
uqx = 6{x)uq Vx G M. 

Definition 3.1. If M,4>,9 are as above, and if the associated isome- 
try uq of L 2 (M, 4>) commutes with the modular conjugation operator 
J(= J^), we shall simply say 9 is a good endomorphism of the fac- 
torial non- commutative probability space (M, 0). 

Remark 3.2. We briefly contemplated the use of 'equi-modular' in 
place of what we have called 'good' to suggest 'equivariance with 
respect to the modular operator (or homomorphism) but settled in 
favour of the less descriptive and more unimaginative (but easier to 
type) 'good'. We are fairly confident that this is a meaningful and 
useful notion in general, although perhaps a hard one to verify in 
explicit type III examples, and therefore carry on this generality as 
long as possible, and do observe and later use the obvious fact that 
in case 4> is the tracial state on a II\ factor, the 'goodness' condition 
is automatically satisfied. 
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Furthermore, we could (and probably should) have discussed non 
Neumann 'measure spaces' (M, <p) comprising a von Neumann alge- 
bra equipped with a faithful normal semifmite weight, but did not, 
as the necessary amendments appeared to be fairly elementary, while 
the notation gets unnecessarily cumbersome and it was convenient 
to keep using 1m- 

Theorem 3.3. Suppose 9 is a good endomorphism of a factorial non- 
commutative probability space (M,cp). Then, 

1. The equation 9' = j°9oj defines a unital normal *- endomorphism 
of M' which preserves <\>' = <f> o j; and 

2. We have an identification 

L 2 (M',9') = L 2 (M,0) 
1m' = 1m 

U0i = Ug 

3. there exists a unique endomorphism 9^ of C(L 2 (M , <f>)) satis- 
fying 

9^(xj{y)) = 9(x)j(9(y)z, Vx,y e M 
where z = A{p G (0(M) U9'(M'))" : ran(p) D {9{x) : x £ M}}. 

Proof. 1. It is clear that 9' = j o 9 o j is a unital normal linear 
*-endomorphism of M' and that 

(j) 1 O 9' = <f>' O 9' = ((f) O j) O (j O O = ((f) O 9) O j = (f>0 j = (f)' , 

thereby proving (1). 

2. This follows from the facts that 1m is a cyclic and separating 
vector for M and hence also for M', the definition of <// which 
guarantees that 

(j(z)lM', j(y)lM') = 4>{j{y)*j(x)) 

= 4>'(j(y*x)) 
= <t>(y * x) 
= 4>{x*y) 

= (yl M ,xl M ) 

= (JxiM.Jyiu) 
= (JxJi M ,JyJ^-M) 
= {j(x)iM,j(y)iM) 
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and the definitions of the 'implementing isometries', which show 
that 



u$'(J(x)l M >) = 0'U(x))1m> 

= je(x)Ji M 

= J0(x)Q 

= JuqxIm 

= uqJxIm 

= uqJxJIm 

= uej(x)l M > . 



3. Notice that if x, y G M, then 

(8(x)J6(y)jQ,Q) = {e(x)J9(y)Q,Q) 
= {9(x)Ju e yl M AM) 
= (6(x)u e Jyl M , 1 M )( as 6 is good) 

= (uexJylMAM) 
= (u e xJyl M ,u e l M ) 
= (xJyJl M , 1m) • 

Set S 1 = {xj(y) : x = x*,y = y*,x,y G M}, and = 
{9(x)j(9(y)) : xj(y) G .S^ 1 )}, and deduce from the factoriality 
of M that SW" = C(L 2 (M, </>)). 

Now we wish to apply RemarkE^l) with N = S^" = 0(M) V 
j{6(M)) (where, both here and in the sequel, we write A V 
B = {A U B)" for the von Neumann algebra generated by von 
Neumann algebras A and B) and 4>\ = 4>2 = ((')1mj 1m)- F° r 
this, deduce from Lemma 12.41 that 

z = A{p G V{N) : ran p D N1 M } 

= A{p G V(N) :ranpD {6(x)l M ,6'(j(x))l M : x G M}} 
= A{p G V{N) : ran p D {6(x) : x G M}} 



and the proof of the Theorem is complete. 

□ 

Corollary 3.4. Let 9 be a good endomorphism of a factorial non- 
commutative probability space (M,<j>) in standard form (i.e., viewed 



as embedded in £(L 2 (M, </>)) as above). The following conditions on 
9 are equivalent: 

1. there exists a unital normal *-endomorphsism 9^ ofC(L 2 (M, (j))) 
such that9 (2 \x) = 9(x) and6 {2 \j(x)) = j(9(x)) for all x G M. 

2. N = 9{M) V j(9(M)) is a factor; and in this case, N is neces- 
sarily a type I factor. 

3. (x9{y) :x G N',y G 9(M)} is total in L 2 (M). 

An endomorphism of a factor which satisfies the equivalent con- 
ditions above will be said to be extendable. 

Proof. Deduce from the assumed factoriality of M that Mi =:MV 

M' = £(L 2 (M, 0)). Also set M 2 = C(L 2 (M, 0)), fa = 2 = ((-)Q, G>,5 (1) = 

{xj(y) : x,y G M,x = x*,y = y*},S® = {9(x)9'(j(y)) : x, y G 

M,x = x*,y = y*} and iV = S^" = 9(M) V 9'{M') = 9(M) V 

j(9(M)). 

(1) =► (2) : 

N = 9(M)Vj(9(M)) 

= 6 (2 \M)\j9^\j(M)) 

= 9 {2) (MVj(M)) 

= 0^(C(L 2 (M,^))); 

the homomorphic image of a type / factor is also a type / factor, and 
an appeal to Theorem 13,31 and Corollary I2.3f 2) completes the proof 
of (1)=>(2). 

(2) ^ (3) : Note that [M] = [0(M)j(9(M)l] = [9(M)1], since 
9{a)J9{b)Jl = 9(ab*)l, and hence, 

[(x6(y) :xeN',ye 9(M)}} = [N'9{M)l] 

= [N'Nl] 
= L 2 (M) , 

since the only non-trivial subspace invariant under a factor and its 
commutant is the whole space. (We have used the symbol [S] above 
and in the sequel to denote the closed subspace spanned by a subset 
S of a Hilbert space. Similarly, if S C C{T-i), we shall write [S] to 
denote the closure, in the strong operator topology (equivalently, the 
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weak operator topology) of the linear subspace of £(H) spanned by 
S.) 

(3) (1) : For any x G N', define T x = xug (with ug being 
the isometry on L 2 (M) which 'implements 9 h and satisfies ugx = 
9{x)ug Vx G M). Hence if x\,X2 G N', and y G M, we have (since 
%) G AT) 

T x2 T xiV = u* e x* 2 xiu e y 

= UgX2Xl8(y)ug 

= up(y)x* 2 x 1 ue 
= yu* d x 2 xiu e 

= vt* X2 t x1 . 

Similarly, since u$ also implements 9' (and N = {9{M)\J 9'(M')), 
we see by an identical reasoning that also T* 2 T X1 commutes with ev- 
ery y' G M' . Hence it must be the case that T* 2 T Xl is a scalar for ev- 
ery xi, X2 G N'; and that scalar is necessarily equal to (T* T X1 1, 1} = 
(xil,x 2 l). Now deduce that if x±,X2 G N',yi,y 2 G M, then 

(xii,x 2 i)(j/ii,^i> = (T* 2 T xiyi i, y2 i) 

= (T Xiyi i,T X2 y 2 i) 
= (xiu e yii,x 2 ugy 2 i) 
= ( Xl 9( yi )i,x 2 9(y 2 )i) ; 

deduce the existence of a unique unitary operator w : [N'1]®L 2 (M) — > 
L 2 (M) satisfying 

w(xl (g> yl) = x9(y)l 
for all x G iV, y G M. Now the equation 

#( 2 )( z ) = «,(! ® z )u>* 

defines the desired endomorphism of C(L 2 (M)) (which extends both 
9 and 9'). Indeed, m G M, x G iV', y G M, then we have 

w(l ® m)w*x9(y)\ = w{x\®my\) 
= x9(my)l 

= 9{m)x9(y)\ (sincex G N'), 

so 9^ 2 \m) = 9(m), for all m G M. Now to prove that 9^\m') = 
9'{m!) it is enough, by appealing to an identical reasoning, to verify 
that 

w(xl®y'\) = x9'{y')i, 
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for and y' £ M' . As 1 is a cyclic vector for M, we may find 

Hi S M such that y'l = lim y{l. Observe that 

w(xl ® y 1) = iy(xl <S> lim j/jl) 

= lim (g> yil) 

= lim x9(yi)l 

= lim xugyil 

= xu e y'l 

= xuQiy'l since = uq> 

= x0'(y% 

as desired. □ 



4 Examples of Extendable Endomorphism 

Note that any automorphism on a factor is extendable, since the 
conditions in Corollary 13.41 are satisfied. 

Let 1Z denote the hyperfinite II\ factor and M be any II\ factor 
which is also a McDuff factor; i.e., M®TZ = M. Let a: M®K^ M 
be an isomorphism and /3 : M *— > M ® 7Z be the monomorphism 
defined by f3(m) = m® 1, for m £ M. Let us write 9 = (3oa. so # is 
an endomorphism of M&K such that 9(M®1Z) = M®1. As M&1Z 
is a Hi factor, the endomorphism 9 is necessarily good (see remark 
13.21 Now by corollary 13.41 showing that 9 is extendable is equivalent 
to showing that {9(M <g>K) V J9(M®TZ)J} is a type I factor, where 
J is the modular conjugation of M&7Z, which, of course, is Jm®Jr- 
Note that 

{9(M®K) V J9(M®K)J} = {M®1 V J(M®1)J) 

= {M®lVJ M M4 f ®l)} 
= B(L 2 (M)®1 

So {0(M ® 7£) V J0(M ® ft) J} is a type J factor. That is 9 is 
extendable. 



5 Extendability for Eg-semigroups 

Definition 5.1. {at : t > 0} is said to be an E^-semigroup on a von 
Neumann probability space (M, cj>) if: 

1. at is a ^-preserving normal unital *-homomorphism of M for 
each t > 0; 
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2. cto = id,Mi and 

3. [0, oo) p(ott(x)) is continuous for each x G M, p G M*. 

Proposition 5.2. Suppose a = {a t : t > 0} is an Eft-semigroup on 
a factorial non- commutative probability space (M, (f>) and suppose at 
is (good and) extendable for each t. We shall say, in such a case, 
that the Eq- semigroup a is extendable. Then: 

1. The equation a' t (x') = j(at(j(x') defines an Eft-semigroup on 
(M 1 , (/>'), where (j)'(x') = uj^~{x') = (x'ImAm); and 

2. There exists a unique Eft-semigroup {a* : t > 0} on (C(L 2 (M, </>)), 
such that af\xx') = a t (x)a' t {x') Vx G M,x' G M'. 

(2) 

Proof. Existence of the endomorphisms a' t and a\ is guaranteed by 
Corollary 13.41 so only the assertions regarding the semigroup prop- 

(2) 

erty and continuity of the semigroups {a' t : t > 0} and {a\ . t > 0} 
need justification. 

The equation oi t = j o at o j shows that {a' t : t > 0} inherits the 
property of being an E'o-semigroup from that of {at : t > 0}. 

(2) 

The corresponding property for {a\ : t > 0} is now seen to 
follow easily from the uniqueness assertion in Corollary 13.4( 1). □ 

Before proceeding further, it might be wise to insert a remark 
which will repeatedly be found to be of use. 

Remark 5.3. Let (M,(j)) be a von Neumann probability space (i.e., 
M is a von Neumann algebra and cp is a (usually faithful) normal 
state on M). Given a normal endomorphisms a of M , we shall 
write gL 2 (M,(j)) for the Hilbert space L 2 (M,(p) with M-action given 
by x -q £ = 0(x)£. Given normal endomorphisms 9{, i = 1, 2, we shall 
need to consider the space (61,62) of intertwiners given by 

(0 h 6 2 ) = {T G £(L 2 (M, (j))) : T6i(x) = 9 2 {x)T Vx G M} . 

We shall specifically be interested in E e = (idM,6) for any nor- 
mal endomorphism 9 of M . It is obvious from the definitions that 
[(E e )*E e ) C M' and \E e (E e )*} C 6(M)' where primes denote corn- 
mutants in C(L 2 (M ,(/))) . 

Let a = {at : t > 0} be an So-semigroup on a factorial non- 
commutative probability space (M,(f>), and suppose at is good for 
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each t. Assume M is acting standardly on % = L 2 (M,cf)). As in 
Remark 15.31 we consider, for every t > 0, the interwiner space 

E at = {T G B(U) : Tx = a t (x)T , Vx G M}. (5.3) 

Let J be the modular conjugation operator on L 2 (M). Then j = 
</(■) J defines an antilinear *- isomorphism of M onto M' and 

a' = {a' t = j oa t oj : t> 0} 

defines an .Eo- sem ig rou P ° n the commutant M'; and we have 

E a 't = {T £ B(H) : Tx = a' t (x')T' , Vx' G M'}. (5.4) 

We first focus on the 'fundamental unit' {ut ■ t > 0} - which will 
establish the fact that E at n E a t ^ Vt > 0. For t > 0, the fact 
that '0' is preserved by at implies the existence of a unique family 
(necessarily a one-parameter semigroup) {ut : t > 0} of isometries on 
L 2 (M) such that i^xl = aj(x)l Vx G M, and consequently G E at . 
As is a good *-endomorphism of M, it follows - see Theorem l3,3f 2) 
- that ut also 'implements a' t , i.e., also utx'l = a' t (x')l Vx' G M', and 
consequently that ut G i?" 4 . Thus, 

u t G £ at n E< Vt > 0. (5.5) 

For the sake of completeness, we state below a result that is 
already conatined in [Alev] . because it is re-stated in language that 
we find convenient (and are comfortable with). 

Proposition 5.4. For t > , (E at , (id,H), (id,H)) is a Hilbert von 
Neumann M' - M' bimodule (in the sense of [BMSS]). 

Proof. It follows from equation 15.31 that E at is a weakly closed sub- 
space of B(H), So, we only have to verify that [E at *E at ] = M' and 
M' C [E at E at *]. Note that [X*Y] means the strong, equivalently 
the closure in the weak (equivalently, strong) operator topology of 
the linear subspace spanned by {x*y : x G X, y G Y}. 
The inclusion 

[E at *E at ] C M' (5.6) 

is seen from Remark 15.31 

It is clear that if y' G M' and T G Ef, then 

ott(m)Ty' = Tmy' 
= Ty'm 
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for all m G M. So, Ty' G £f for all y' G M' and T € £f and hence, 

E at M'cE at . (5.7) 

We may conclude that [E at *E at ] is a weakly closed two sided ideal in 
M' . Being a factor, M' does not contain any non-trivial weakly closed 
proper ideal and consequently we may deduce that [E at *E at ] = M' 
(since 0^1 = u\ut G E at *E at by equation [53]) . 

To conclude the proof, we only need to verify that M 1 C [E at E at *]. 
For this, first notice, from Remark 15.31 that 

[E at E at *] C a t (M)', (5.8) 

From equation 15.71 we observe that [E at E at *] is a weakly closed two 
sided ideal of ctt(M) . But we know that at(M)' is a factor, so, it 
does not contain any proper weakly closed ideal and consequently we 
may deduce (from ^ &t = utu\ G E at E at *) that 

[E at E at *] = a t {M)' 

Since W C a t {M)' , we may conclude that M' C [E at E at *] . □ 

The next Proposition follows immediately from Proposition 15.41 
(with a' in place of a). 

Proposition 5.5. For t > , (E a 't, (id,T-L) : (id^T-L)) is a Hilbert von 
Nuemann M - M bimodule. 

We will need the following explicit description of this bimodule. 

Theorem 5.6. E at = [M'u t ] = a t {M)'u t , where, of course, [M'u t ] 
denotes the weak operator closure of M'ut- 

Proof. We already know that E at is Hilbert von Neumannn M' — M'- 
bimodule. In particular E at is Hilbert von Neumann M' module. 
Now we shall verify that [M'ut] is Hilbert von Neumann submodule 
of E at . For that we need to check that [M'ut] is Hilbert von Neumann 
M' module and [M'ut] C E at . For the first assertion notice that 

[{(m^ut)* m' 2 ut : m^, m 2 G M'}] = [u^mim! 2 ut] 

= [u* t M'u t ], 
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so it suffices to check that u*M'ut C M' , i.e., that u* t m'utx = 
xu^m'ut VW G M',x G M; but 

v* t m'utx = u^m'at(x)ut ( s ince u t G £7") 
= u^at(x)m'ut 
= {at{x*)u t )*m'u t 

= xu* t m'u t . 

Conversely, m' = u^u t m' = u^a' t (m')u t so M' C u*a' t {M')ut C 
u^M'ut, and hence we do have M' = u\M'ut- 
For the second assertion observe that 

at(m)m'ut = m'at(m)ut 
= m'utm, 

for all m G M and m' G M', thus showing that M'-Uf C I? at , and 
hence also that [M'u t ] C E at . 

Now suppose that there exist T € £ ai such that T G [M'ut]^, 
i.e., T*m'ut = for all m' G M'. Now notice that T*m'utlM 
I " tti' 1 ■, / = T*m r , and hence conclude that T = 0. Deduce then from 
the Riesz lemma that E at = [M'ut]- 

Observe next that for m G M and x G at(M)', we have 

at(m)xut = xat(m)ut 
= xutm , 

and deduce that at(M)'ut C E at . On the other if T G E at observe 
that 

T = Tu* t u t 

= yut 

where y = Tu\ C [E at E at *] = a t (M)' . That is T G a t (M)'u t . So 
we have S at C at(M)'u t , yielding E at = at(M)'ut, as desired. □ 

Remark 5.7. 1. We have already seen that E at is Hilbert von 
Neumann M' — M' -bimmodule, so [M'u t ] and at(M)'ut are 
also a Hilbert von Neumann M' — M' -bimodule. 

2. Replacing a' by a and M' by M in Proposition 15.61 we get 
Ef' = [Mut] = a' t (M')'u t . 
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Writing Mi(t) = a' t (M')' and M[(t) = a t {M)', we may summa- 
rize thus: 

E at = [M'u t ] =M[{t)u t , (5.9) 

and 

E? = [Mu t ] = Mi(*)«t. (5.10) 

Now for every t > 0, let us write H(t) = E at n E a 't. In fact, H(t) 
is actually a Hilbert space; if S, T € and x G M, x' £ M', we 
have: 

T*Sx = T*a t (x)S = (a t (x*)T)*S = (Tx*)* = xT*S, 

since S,T G £ a * and 

T'Sx' = T*c4(s')S = (o / t (z , *)T)*iS = (Tx'*)*S = x'T*S, 

since S,T £ Ef' . So T*,? commutes with both M and M' and as 
M is factor, we find that T*S is a scalar multiple of the identity and 
the value of that scalar defines an inner product by way of 

T*S= (S,T)I. 

Proposition 5.8. Let a = {at : t > 0} be an E^-semigroup on a 
factorial non- commutative probability space (M,(j>), and suppose at 
is good for each t. Suppose M is acting standardly onli = L 2 (M). 
The following conditions on a are equivalent. 

1. a is extendable. 

2. There exists a family {u n (t) : n € /} C Mi(t) n M[(t), with 

(2) 

I being either a singleton (in case a\ is an automorphism 
for some, equivalently for all, t > 0) or I is countably infinite 

(2) 

(in case a\ is not surjective for some, equivalently for all, 
t) such that {u n (t)Un(t) : n € 1} is a family of orthogonal 
projections in M\{t) D M[(t), with J2n&i u n(t)u^(t) = 1 and 
u* n (t)u n (t) = e t := u t u* t Vt. 

Proof. (1) =>- (2) : Suppose a is exendable, with associated Eq- 
semigroup = {a^ : t > 0} on B(L 2 (M)). For every t > 0, 
af^ : B(L 2 (M)) t— > B(L^M)) is an endomoprphism. So one can 
write a t (x) = ^2 ne j v n (t)xv n (t)* (with I as in the statement of 
the Proposition) , where x G B(L 2 (M) and {v n (t)} n ^i are isome- 
tries having mutually orthogonal ranges and Yl v n(t)v n (t)* = 1. We 
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observe that v n {t) G H(t). Now consider u n (t) = v n (t)u^. Then 
observe that u n (t) G M x {t) n Mi(t)', 

u n (t)*u n (t) = u t v n (t)*v n (t)u* t 

= u t u* t ( since v n (t)*v n (t) = 1), 



and 

= 1. 

(2) => (1) : Consider v n (t) = u n (t)ut, and observe that 
v n (t)*v n (t) = u* t u n {t)*u n {t)u t 

= U* t U t U t Ut 

= 1. 

and 

= u n (t)u n (t)*u n (t)u n (ty 

= y~]un(t)Un(ty 
= 1 

Observe that, by definition, v n (t) G Mi{t)u t n Mi(t)'u t = E at n £f' 
( From I5T91 and 15.101 ). Consider the mapping : B(L 2 (M)) i-> 
£(L 2 (M)) defined by aj 2) (x) = £ u„(t)zun(*)*, where x G B(L 2 (M)). 

(2) 

Now deduce from the properties of {v n (t):n& 1} that a t is indeed 
an endomorphism of B{L 2 (M)), and observe that 

af\m) = y^v n (t)mv n (t)* 

= ^2a t (m)v n (t)v n (ty ( since v n (t) G E at ) 

= at(m)y y v n (t)v n (ty 
= a t (m), 

(2) 

where m G M. So we have a t (m) = at(m), for all m G M. Since 
v n (i) G -Ef , it can be shown similarly that ot\ (m ) = a' t {m'), for all 
vn! G M' . So a is indeed extendable. □ 
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Lemma 5.9. Let a = {at : t > 0} be an E^-semigroup on a factorial 
non- commutative probability space (M, eft) and suppose at is good for 
each t. Suppose M is acting standardly on % = L 2 (M). If a is 
extendable then H = {(t,T) : t > 0,T E H(t)} is a product system 
(in the sense of lArv)/ ) with the family of unitary maps {u st : s,t > 0}, 
where 

u st ■ H(t)®H(s) i y H(s + t), 
being given by u s t(T S) = TS, for T E H(t), S E H(s). 

Proof. Let a^ = {a^ : t > 0} be the extension of a on B(L 2 {M)). 
Thus, q( 2 ) is an E^-semigroup on B(L 2 (M)) satisfying a[ 2 \m) = 

(2) 

at(m) and a\ (m ) = a' t (m') for all m E M and for all m 6 M . 
For every t > 0, let us consider the set 

£(t) = {T E B(L 2 (M)) : a 2 t (x)T = Tx, for all x E B(L 2 (M))}. 

We shall write £ = {(t,T) : T E £{t)}; then £ is a product system 
(see | Arvj ) . First, observe that H{t) = £ (t) for every t > 0. Indeed, 
if T € = £ a * n Ef, then a t {m)T = Tm for all m E M and 

a' t (m')T = Tm' for all m' E M'. So it is clear that a[ 2 \x)T = Tx 
for all x £ MUM' and hence also for all x E (My M') = B(L 2 (M)). 
So, T E £ (t), and C £ (t). The reverse inclusion is immediate 

(2) 

from the definition a\ . So we have -ff(i) = £(t) and clearly if is a 
product system, since £ is! □ 

Fix some (any) unit vector £ in L 2 (M). Observe, by definition of 
the inner product in H(t), that the map H(t) 3 T i— )• E H(t)£ is 
a unitary operator. 

Corollary 5.10. //a is extendable then = {(t,rj) : i > 0,7/ E 
H(t)^} is a product system with the family of maps {v s t : s,t > 0}, 
where 

v st :H(t)S®H(s)S^H(t + s)Z, 

is given by v s t(T£ (g) S£) = TS£, for S E H S ,T E H t . 

Proof. We observe that for every s, t > 0, v s t is unitary map. We 
have, 

MTxttoS^VitiTzttoSiO) 
= <Ti£i£,T 2 S 2 
= (^T 2 *T 1 S' 1 e,0 

= (T 1 ,r 2 )(5 1 ,5 2 }(^,0, (since = (Ti, T 2 )l and S 2 *Si = (S 1 ,S 2 )1) 
= (r^,T 2 0(^,5 2 0, ( since (e, = 1) 
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where T%,T2 G H(t) and S\,S2 G H(s). To prove that v st is an 
unitary operator it remains to show that {T££ : T G H(t), S G i?(s)} 
is a total set in if (t + s)£. Since a is extendable, so from the Lemma 
K9\ we have, {TS : T G G H(s)} is total in £T(i + s)£. 

Therefore {TS£ : T G ff(t), 5 G H(s)} is total in ff(t + s). So 
is a product system, since other details follow from the Lemma 15.91 
immediately. 

□ 

Now recall that E'o-semigroups {a t : t > 0} and {/3 t : t > 0} 
of a von Neumann probability space (M, </>) are said to be cocycle 
conjugate if there exists a weakly continuous family {ut : t > 0} of 
unitary elements of M such that 

1. u t+s = u s a s (u t ); and 

2. f3 t (x) = utat(x)u* for all x G M and s,t > 0. 
In such a case, we shall simply write 

{u t : i > 0} : {a t : t > 0} ~ {ft : t > 0}. 

Proposition 5.11. Suppose a = {a t : t > 0} and f3 = {ft ■ t > 0} 
are cocycle conjugate Eq semigroups on a factorial probability space 
(M,(f>), with 

{ut : t > 0} : {a* : t > 0} ~ {ft : t > 0}. 

Then 
1. 

{j(ut) : t > 0} : K : t > 0} ~ {/3' t : t > 0}. 
Tjf eac/i at is extendable, so is each (3t; and in fact, 

{u t j{u t ) : t > 0} : {aj 2) : t > 0} ~ {ft (2) : t > 0}. 

Proof. 1) Observe, to start with, that if is an endomorphism of 
(M, 0), then, by definition, we have 9' = j o 9 o j, i.e., j o 9 = 9' o j. 
Hence, writing u£ = j(ut), we have 

= j(v>s)j(a s (u t )) 
= j(u s )a' s (j(u t )) 
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and 



= j{utott{i{x'))u* t ) 
= j{ut)oi t {x')j{ut)* 

I If l\ I* 

= u t a t {x )u t . 

2) Writing Ut = utu' t , notice first that if x G M,x' £ M' , then 
U t a t (x)Ut = u t at{x)u* t = (3 t (x) 

and 

U t a[(x')U: = u[ a ' t (x')u>* = (3> t (x') 

and in particular, 

pt{M) V ^t(M') = U t (a t (M) V a' t (M'))U t * 

is a factor since a is extendable; and hence, by Corollary 13. 4} we 
deduce that /3 is extendable. 
Finally, observe that 

U s +t = u s+t u' s+t 

= u s a s (u t )u' s a' s (u' t ) 

= U s af\U t ) 

and 



Pt(x)P' t (x') 
Ut(Xt(x)utu' t a' t (x')u' t * 

U t af> \xx')Ut . 

□ 

Remark 5.12. While the index of Eq- semigroups of type 1^ factors 
has been well studied, we may now define the index of an extendable 
Eq semigroup a of an arbitrary factor as the index of ; and we 
may infer from Proposition \5.11\ that the index of an extendable Eq - 
semigroup of an arbitrary factor is an invariant of cocycle conjugacy. 
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Proposition 5.13. If a = {a t : t > 0} (resp., /3 = {(3 t : t > 0}) is 
an extendable Eq semigroup of a factor M (resp., N ), then a (8> (3 = 
{at £>$ Pt '■ t > 0} is an extendable Eq semigroup of the factor M ®N , 
and in fact, 

(a^)( 2 )= a < 2 >^( 2 ). 

Proof. The hypothesis is that a t (M)\J Ja t (M)J and (3 t (N)yJ N /3 t (N)J N 
are factors, for each i > 0, while the conclusions follow from the def- 
inition of a <8) /3. □ 



6 A non extendable i?o-semigroup 

Let H = L 2 (0,oo) ® JC, where K is a real Hilbert space and Tic 
be it's complexification. The antisymmetric Fock space over Tic is 
defined as the direct sum of Hilbert spaces {/\ n Tic ■ n = 0,1,2, ...}, 
where A°Tic = C and A n Tic is the antisymmetric subspace of the 
n-fold tensor product Tic® n - We will denote this antysymmetric 
Fock space by 

T(n c ) = coe%© (Wc a He) © (w c a n c a w c ) © • • • , 

where $7 is a fixed complex number with modulous 1. 

Let {e±,e2, • • • } be an orthonormal basis for Tic', then for fixed 
n, {ejj Aej 2 A - • • Aej n : 1 < i\ < %i < • • • < i n } forms an orthonormal 
basis for /\ n Tic- 

For a fixed / G %c there is an unique operator a(f) G B{F{Tic)) 
which acts as follows: 

aim = f 

a(/)(6A&A-Ag = /AfiA6A-Af n) &€?fc 

The operator a(/) is called the left creation operator correspond- 
ing to the vector / G Tic- These operators obey the canonical anti- 
commutation relations meaning: Tic 3 f h-> a(f) G B(Hc) is a linear 
map satisfying 

a(/)a(<?) + a(s)a(/) = , a(/)a(<?)* + a( 5 )*a(/) = (/ , g)l 

for all / , g G 'He , where (, } is an inner product on Tic and 1 is the 
identity operator in B(Hc)- 

For any / G %c let u(f) = a(f) + a(f)*, so the operator u(f) is 
a self-adjoint unitary for every unit vector / G Ti. Consider the von 
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Neumann algebra 1Z = {«(/) : / G H} in B(T(Hc)), with vacuam 
state /9 (i.e p(a) =< a£l,Q, > for o E K). It is well-known that 1Z 
is the hyperfinite ll\ factor with normal tracial state p and that its 
GNS space is J 7 (He) and Cl is a cyclic and separating for 1Z and 
observe that ft = 

Let {st}t>o be the shift semigroup on He- Then for every t > 
there exist a unique normal, unital *-endomorphism at : 7£ i— > 1Z 
satisfying 

atW)) = u(s t f))Vf € H c ■ 

(Although this is a well-known fact, we remark that this fact is in 
fact a consequence of Remark 12.21 (2).) Then a = {at : t > 0} form 
an £o- sem ig rou P ° n 7£> which is called the Clifford flow of rank 
dim /C. 

We want to prove that this Clifford flow is not extendable. By 
Corollary 15.101 it is sufficient to prove that if H t = E at n Ef , then 
the set {(*,£) : t > 0, £ G -fftSl} is not a product system with respect 
to the family of unitary maps 

v st : H s n <g> H t tt h-> F s+ fft, 

given by u st (TQ ® 5fi) = TSQ, fox S e H S ,T £ H t . 

Lemma 6.1. VFii/i f/ie above notation, if A € -Ht, f/ien 

where P A are appropriate subsets of Vt of even cardinality, and 
X(P t A ) G C. 

Proof. We have ff t = E? n P at = [7£ti t ] n a t {lZ)'u t (by equations 
(j5U1) and (15.10j) ). Now ^4 € H t can be written as Tu t , where T € 
at(JZ)' . Note that ^4f] = Tut^l = T£l since u^O = Vt. Now choose 
orthonormal bases {fi}iev t °f L 2 (0,t)<g>lC and {<7j}je.Ft of T 2 (t, oo)® 
/C (where 7^ and are totally ordered sets); the symbols P and 
F are meant to signify past and future respectively. Then clearly 
{fijieVt U {'Tjlje.Ft is an orthonormal basis for L 2 (0, oo) <S> /C. 

For P t = {h < i 2 < ■ ■ ■ < i n } G 7>* and F t = {ji < j 2 < 
••• < 3m} e -Ft, write Q(P t ) = u(/;J«(/ i2 ) ••• «(/*„), Q{F t ) = 
u{gj x )u{gj 2 ') ■ ■ ■ u(gj m ), (with Q(0) = 1). Then, observe (thanks to 
the CAR) that 

Q(P t )Q(F t )n = f h A • • • A f in A g h A • • • A g jm , 
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and that consequently {Q(Pt)Q(F t )fi : Pt C Vt,F t C Ft} is an or- 
thonormal basis for F(Hc) ; hence, any element £ G F(Hc) can be 
written as: 

£ = Y A ( P *' Ft)Q(Pt)Q(F t )Q, A(P t , F t ) G c, 
and in particular, we can write: 

Tfi = Y, A ( P *> F t )Q(P t )Q(F t )n, 

On the other hand as also Ti^ G [Mut], there exists a net {to,\}a€A 
in M (A some directed set) such that m\Ut converges strongly to 
Tut- So m\u t mQ, = m\at{m)£l converges to TutmQ, = Tat(m)Q, in 
norm, for m G 1Z. In particular, mxQ(F^)Q, converges to TQ(F^)U 
in norm, since Q(F t °) G a t (K)VF? C 7" t . 

Again, = m\Ut£l converges to Tut^l = T£l in the norm. 

So pQ( F o^m\Q converges to pq^ f o^TCI, where Pq(f^) = JQ(Ft)*J so 
that pQ( F o^(mVL) = mQ(F^)Q. Observe, then, that 

Q{F?)TQ = TQ(F?)n (since T G at{lZ)') 
= lim m\Q(Ff)Q, 
= lim PQ(F°) m xtt 

= PQ(F°) Tn 

= p Q{ F?)Y x ( p t> F M p M F ^ n 
= Y x ( p ^ p t)Q( p t)Q( F t)Q( F tn 

So we conclude that 

m = Y K p u F t)Q{Ft )*Q{Pt)Q{Ft)Q{Ft )£l (since Q(Ff) is unitary ) 

= Y x ^ F M F t yQ( p M F t)Q( F t n 
= ^(-i)^^^ ^^,^)^^)^^)^, 

where 9 Pt , Ft (Ff) = \P t \\ff\ + \F t \\ff\ - \F t nF t °\. So finally we have, 
Y HPu F t )Q(P t )Q(F t )n = £(-l)«W?)A(P t , F t )Q(P t )Q(F t )n, 

whence (— Vf p t,Fti F t) must be even for every finite ordered subset F® 
of Ft- It follows that Pt is even and F t = 0. So finally we have 

TSl = YW)Q(Pt)to, A(P t )€C, 



21 



where Pt = {i\ < i 2 < • • • < «2n} ^ Vu thereby proving the lemma. 

□ 

Proposition 6.2. If a is the Clifford flow, then for any fixed t>0, 
we have 

H t U = [{/! A/ 2 A ■ • • A f 2n : ft G L\0,t) ® JC,n G N U {0}}] , 

where the empty wedge-product (i.e., the case when n = 0) is inter- 
preted as the vector f2. 

Proof. The above Lemma implies the inclusion 

H t n C [{/! A / 2 A • • • A f 2n : /< G L 2 (0, t) ® /C, n G N U {0}}]. 

To prove the reverse inclusion, it is enough to prove that 

u(fhHfh) ■ ■ ■ <fi2>t G a t (Hy n Ja t (K)'j, (6.11) 

since H t = E at n £f' = K-i{t)'ut n Kx(t)u t (by equations (JESJ and 
(|5.10p ). As 7?. is I/i factor so we have -ffj = ctf(TZ) Ut H Jat(H)' Jut, 
where of course J is the modular conjugation for 7Z. It is clear that 

«(/uM/i 3 ) • • • u (fi 2 n) e t G a t (7?.)', 

where, as before, {/«}iG-p t is an orthonormal basis for L 2 (0,t) ® /C 
and {^jjjgj'i is an orthonormal basis for L 2 (t, 00) ®/C. Now observe, 
as a consequennce of the CAR, that if {hi : i G /} is any orthonormal 
sel in -L 2 (0, 00) ® /C, then 

u(^) • ■ ■ u(/»i) = (-l) n - 1 u(/ ll )u(/ in )---n(/i 2 ) 

= (-l)("- 1 ) + ("- 2 ) + - +2+1 n(/ il )n(/ l2 ) • • • u(h n ) 

71(71 — 1) 

= (-1) - a~ u(hi)u{h 2 ) ■ ■ ■ u{h n ) , 

and hence 

Ju(f h ) ■ ■ ■ u(f i2n )e t J(g h A • • • A g jm ) 
= Ju(f h ) ■ ■ ■ u(f l2n )Ju( gjl )- ■ ■ u(g jm )n 
= Ju(f h ) ■ ■ ■ u(f i2n )u(g jm ) ■ ■ ■ u(g jL )n 
= u(g h ) ■ ■ ■ u(g jm )u(f i2n ) ■ ■ ■ u(f h )n 
= u(f i2n ) ■ ■ • u(/i x )u(0i x ) • • • u(g jm )n 
= (-l) n{2n - l) u{f n ) ■ ■ ■ u(f l2n )e t (g n A ••• A g jm ) 
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Since the gj 's were arbitrary and since the gj x A • • ■ A gj m form an or- 
thonormal basis for ran et, we find thus that Ju(fi 1 ) ■ ■ ■ u(fi 2n )etJ = 
(— l) n ( 2rt ~ 1 - ) u(/j 1 ) • • • u(fi 2n )et G at(1Z)' for each fixed n. That means 
u(fi 1 ) ■ ■ ■ u(fi 2n )et G Jat(TZ) J- Therefore we have, 

H t Q = [{/! A / 2 A • • • A f 2n : f t G L 2 (0,t)^,ne N U {0}}]. 

□ 

Now we want to prove that {(x,t) : x G -fff^} is not a product 
system with the family of maps v s t : H S Q HtQ, i— >• H s+ tVt given by 

v st (A£l®Bn) = ABn, 

where A G H s and B £ Ht. Let {/i}«ep t be an orthonormal basis for 
L 2 (0,t)<g>/C and {h}i eVa is an orthonormal basis for L 2 (0, s) ®1C. If 
A = Su s G H s , then Lemma 16. II allows us to write: 

sn = x(pf)Q(P s A n \(p s a ) g c, 

and if B = Tut G Hf we can write: 

Tfl = J2 X(P t B )Q(P t B n A(ff ) G C. 

Now we have 

v s t(Su s Q (g> TutQ,) = SitgTutQ, 

= s Us J2 x ( p f)Q( p t B )n 
= Y, x ( p t B )SM(P t B ))n 

= x ( p t B )( u sQ(P t B ))Stt ( since S G a,(7i)') 

= ^\(p t B )\(pf)(u s Q(P t B ))Q(pf)n 

= Y, x ( p s A ) x ( p t B )Q( p s A )M(p t B m, 

where the asserted commutativity in the last line stems from the 
CAR and the fact that Pf and P t B have even cardinality. 

It is seen from equation ()6.11|) and the subsequent remarks, that if 
we set P S A = {h < i 2 < ■ ■ ■ < 12m} C and P t B = {ji < j 2 < ■ ■ ■ < 
32n} C V t B , then Q(Pf)e s u s G H s , and similarly Q{Pf)e t u t G H t . 
Now, since 

u s Q{P B )Q = u s (u(f n )---u(f J2n ))n 
= uissfjA-'-uissf^jn 
s sfji A • • • A s s fj 2n , 
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we find that 

v st (h h A • • • A h i2m ® f h A • ■ ■ A f hn ) 
= v st (Q(P s A )n®Q(P t B )n) 
= v st {Q(P A )e s u s n®Q(P t B )e t u t n) 
= Q(P s A )u s Q(P t B )n 
= h h A ■ ■ ■ A h i2m A s s fj 1 A • • • A s s / j2n . 

Clearly u st is not onto, since range of v st is orthogonal to vectors of 
the form / A g, where / <G L 2 (0, s) ® JC and g G L 2 (s, s + i) <g) /C. So 
: x G -ffiO} can not be a product system with the family of 
maps {v s t : s,t > 0}, since they are not unitary. 

The Clifford flows of the hyperfinite Hi factor are closely related 
to another family of Eq— semigroups, called the CAR flows. (We 
should remember these are CAR flows on type Hi factors, not to be 
confused with the usual CAR flows on the algebra of all bounded 
operators on the antisymmetric Fock space.) We recall the definition 
of CAR algebra and some facts regarding the GNS representations 
of CAR algebras given by quasi-free states. 

For a complex Hilbert space K, the associated CAR algebra 
CAR(K) is the universal C*— algebra generated by a unit 1 and 
elements {b(f) : f <G K}, subject to the following relations 

(i) b(Xf) = Xb(f), 

(ii) &(/)%) + %)&(/) = 0, 

(iii) b(f)b*(g)+b*(g)b(f) = {f,g)l, 

for all A G C, f,g G K, where b*(f) = b(f)*. 

Given any contraction A on K, there exists a unique quasi-free 
state uja on CAR(K) satisfying 

uj A (b(x n ) ■ ■ ■ b{x 1 )b{y 1 )* ■ ■ ■ b(y m )*) = 5 ntm det({Axi,yj}), 

where det(-) denotes the determinant of a matrix. Let (Ha, tta, &a) 
be the corresponding GNS triple. Then M A = tt a (CAR(K))" is a 
factor. 

Here onwards we fix the contraction with A = ^, then Ma = TZ 
is the hyperfinite type Hi factor. We define the CAR flow on 1Z as 
follows. 

As before let K = L 2 ((0, oo), k) with dimension of k being n, and 
St be the shift on K. There exists a unique Eq— semigroup {at} on 
1Z satisfying 

a t (7r(6(/))) = 7r(b(S t f)) VfeK. 
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This a is called the CAR flow of index n on 1Z. 

We recall the following proposition from [Alevj (see proposition 
2.6). 

PROPOSITION 6.3. The CAR flow of rank n on 1Z is conjugate to the 
Clifford flow of rank 2n. 

We point out an error in [ABS] in the following remark. 

Remark 6.4. In section 5, [ABS], it is claimed that CAR flows of 
any given rank is extendable. In fact a 'proof is given, for any 
A G (0, 5] with A = X, that the corresponding Eq — semigroup on 
Ma is extendable. (When A ^ 5 they are type III factors.) But we 
have proved that Clifford flows are not extendable. This consequently 
implies, thanks to proposition \6.3l and the invariance of extendability 
under cocycle conjugacy, that CAR flows on the hyperfinite type II\ 
factor 1Z are not extendable. 

As for as we see, their assertion, in theorem 4 of section 5, that 
9'iY <S> r) = r (g> r is not correct, where T is defined by TO = f2 
and r7r(6(/)) = — 7r(6(/))r for all f E K. In fact, in the case of 
CAR flows a t (T) will satisfy a t (l>(6(S t /)) = -vr(6(/))a t (r) for all 
f £ K and a t (T)7c(b(f t )) = n{b(f t ))a t (T) for all f € {S t K)^. 

In fact we suspect that CAR flows for all A 7^ \ are also not 
extendable. 

Let Tf(K) be the full Fock space associated with a Hilbert space 
K. Define the operator s{f) = on r/(L 2 ((0, 00); k c )) where 



f if£ = «, 

/®£ if(e,o) = o. 



The von Neumann algebra $>(&:) = {s(f) : f & L 2 ((0, 00); k)}" , is 
isomorphic to the free group factor L(i ? 00 ) and the vacuum is cyclic 
and separating with (f2, xQ) = t(x) (see |DV| ) . There exists a unique 
Eq— semigroup 7 on &(k) satisfying 

7t(s(/)) := s(S t f) (f€k,t> 0). 

This is called the free flow of rank dimk. 

Remark 6.5. Let 7 be free flow of any rank. It is proved in /OVj/ 
that 

El n Etf = C. 

This means, if the free flow 7 is extendable, then the product system 
associated with the extended Eq— semigroup is one dimensional. This 
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implies that the extended Eq— semigroup is cocycle conjugate to part 
of an automorphism group. But this is not possible since St G Ej H 
Ej is an isometry. 

Also free flows provide examples to show that the converse of 
Lemma \5.9\ is not true. For free flows we do have the family (E^ n 
EJ : t > 0) forms product system, but still they are not extendable. 

Acknowledgement: We thank Kunal Mukherjee for bringing [ABSJ 
to our attention, while this work was in progress. 
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